We study the second virial coefficient, B(T ), for simple real gases at high temperature. Theoretical arguments imply that there exists a certain temperature, T i , for each gas, for which this coefficient is a maximum. However, the experimental data clearly exhibits this maximum only for the Helium gas. We argue that this is so because few experimental data are known in the region where these maxima should appear for other gases. We make different assumptions to estimate T i . First, we adopt an empirical formulae for B(T ). Secondly, we assume that the intermolecular potential is the Lennard-Jones one and later we interpolate the known experimental data of B(T ) for Ar, He, Kr, H 2 , N 2 , O 2 , Ne and Xe with simple polynomials of arbitrary powers, combined or not with exponentials. With this assumptions we estimate the values of T i for these gases and compare them.
Introduction
Long time ago, Kamerlingh Onnes and collaborators performed a systematical study of physical properties of gases at low temperature, measuring their deviations from the ideal gas law, or in other words, determining their virial coefficients [1] - [3] . Since then, much research has been done in this direction collecting more and more data for many different substances, mainly at low temperature [4] . In particular, in 1925, Holborn and Otto studied some simple gases (Ar, He, H 2 , N 2 , and Ne) and they were able to determine an empirical formula for the second virial coefficient, B(T ), which constituted at that time and persists until today as a land-mark work in physics [5] .
On the other hand and at the same time, Lennard-Jones showed in another remarkable work that for intermolecular potentials written as binomials of arbitrary powers of the intermolecular distance, the corresponding second virial coefficient B(T ) can be calculated exactly as an infinite power series [6] . This kind of potential describes very well the behavior of simple molecules as the one studied by Kamerlingh Onnes, Holborn and Otto and others. Also, other types of intermolecular potentials have been discussed but without exact integrability [7] . Despite of the long time that these empirical and theoretical expressions for B(T ) are known, they are usually not equal. This can be understood paying attention to the fact that the experimental data available for most substances are restricted to a certain range of temperatures, usually below 600K. The choice for low temperature physics seems rather natural if one, for example, is looking for critical phenomena in condensed matter which can be almost entirely found in this region.
However, the high temperature behavior of real gases can also be of interest, for example, in the study of hot plasma and in many situations in astrophysics as nucleosynthesis, super-novae, etc.
Here in this paper, we are going to examine the second virial coefficient of some real simple gases (Ar, He, Kr, H 2 , N 2 , O 2 , Ne and Xe) at high temperature. This is not an easy task since few data for these and other gases are available for temperatures above the range 600 ∼ 1000K. The main point of this work is that we can show from measures of B(T ) that most of these real simple gases admits a maximum value corresponding to a certain temperature for each gas, which may be called an inversion temperature (T i ).
The existence of this maximum may be not a surprise once it is already present, for the Helium, in Holborn and Otto work [5] . However, for all other real gases they are not yet known. Anyway, some previous discussions on this maximum [8] and on this inversion temperature [9] can be found in the literature. This paper is organized as follows: in section 2, we discuss the inversion temperature T i associated with the Joule or free expansion and recall the well known inversion temperature related to the Joule-Thomson throttling process, T iJT . We show that there is a kind of duality between the equations governing these two temperatures. The temperatures T iJT are known experimentally and can also be obtained by various theoretical methods, one of them assumes the knowledge of an equation of state. We show, however, that the known equations of state do not lead to any finite T i . In section 3, we employ different methods to estimate the inversion temperature T i . The first and simplest one is to use the empirical expression for B(T ) given by Holborn and Otto from which we can find easily its maximum. The second and third methods are based on the assumption that the intermolecular potential between the molecules of the real gas is the Lennard-Jones 6-12 potential [6] . So, the second method consists in finding the inversion temperature T i evaluating dB/dT = 0 numerically. The third method is a variation of the second since the assumption of the Lennard-Jones potential permit us to relate the temperatures T i and T iJT , determining the former, once the latter are well known. The fourth and last method for determining T i , that we discuss in this paper, is a numerical analysis of the experimental data for B(T ) for the above mentioned gases. We interpolate these data with simple polynomial functions with arbitrary powers with and without exponentials terms. In section 4, we compare the results obtained from these functions with the ones from other methods and present our conclusions.
The inversion temperature T i , for which B(T ) is a maximum, has a simple physical interpretation. A real gas, initially at this temperature, subjected to a free expansion remains at this temperature for any change in its volume, which is the ideal gas behavior, for any initial temperature. If the real gas initial temperature is greater than T i then it will get hotter in a free expansion and the reverse occurs if T < T i , which is our "daily" experience. One can understand this simply by noting that the Joule coefficient, i.e., the variation of temperature against volume in a free expansion (with internal energy U being constant) can be expressed as [10] 
Writing the virial expansion as
it is easy to show that, in the thermodynamical limit (V → ∞)
where B ≡ B(T ). Looking at the above expression one can see that the maximum of B(T ), which may occur for certain values of T = T i , vanishes the Joule coefficient J:
Assuming that T i is unique, above this temperature J will be positive and so the temperature increases under a free expansion. Bellow T i the temperature decreases.
In fact, this behavior is also expected in the bases of the Yang and Lee Theorem [11] (see also [8] ) if one assumes that the intermolecular potential of the gas has a shape as the one given by fig.1 . This is a typical shape which includes the well known LennardJones, Stockmayer and other potentials [7] . This kind of potential implies a maximum for B(T ) since they are not infinite for finite distances between molecules, contrary to what happens for the hard-sphere case, for example.
At this point, it is interesting to discuss a well known inversion temperature, T iJT , that one associated with the Joule-Thomson throttling process with constant enthalpy and its relation to the previous discussed inversion temperature T i . The relevant coefficient in this case can be written as [10] 
As the derivative of the volume in respect to the temperature must be calculated under constant pressure, the virial expansion (2.2) is not the most appropriate in this case and it is usual to rewrite it as
so we get immediately, in the low pressure limit (P → 0)
The inversion temperature, in this process, T iJT , is determined by the vanishing µ:
These temperatures, apart from being well known for most real gases, are of great practical importance, for example, to improve the efficiency of thermal engines as refrigerators [12] .
Another striking property of this temperature is its resemblance with T i . This is not a coincidence since the second virial coefficients at constant volume and pressure, B and B P , respectively, are simply related by
So, we can trace a parallel between these two inversion temperatures first substituting the above expression into eq.(2.7) so we get
which is the usual expression for the throttling process [7] and then into eq. (2.3)
for the Joule expansion. Comparing eqs. (2.4) and (2.8), (2.10) and (2.11) one can see clearly a kind of duality between the equations governing these two processes: The role played by the inversion temperature T iJT in the constant enthalpy process is analogous to the T i in the constant energy case. Despite of this appealing resemblance the inversion temperature T i for the Joule process has been rarely discussed [9] , and these discussions are for from being satisfactory or complete.
The temperatures T iJT are known experimentally and can also be estimated using simple equations of state [10] . One can wonder if the inversion temperature T i can be found from equations of state as happens for T iJT . This should be nice, but for various equations of state the corresponding second virial coefficient does not allow any finite T i , as can be seen by inspection of Table we are going to show, these maxima appear in a region beyond this temperature, except for the Helium, for which T i ≃ 200K [5] .
Among the known expressions for B(T ), the most simple is, perhaps, the Holborn and
Otto [5] one
from which one can easily find that the inversion temperature, in this case is given by
The values of the coefficients appearing in eq. (3.1) and the corresponding T i 's for some simple gases are found in Table 2 .
From statistical mechanics, it is well known that an intermolecular potential, u( r), and the corresponding the second virial coefficient are related by:
where k is the Boltzmann constant. So, the inversion temperature T i could also, in principle, be obtained analytically through this expression. However, this is a formidable task for almost of known intermolecular potentials except from the trivial ones like the hard-sphere, which does not imply any finite T i . An important exception is the LennardJones potential [6] :
for which B(T ) can be computed exactly as an infinite power series. The constants ǫ 0 and r 0 are tabulated for many real gases. Substituting (3.4) into (3.3) one can show that [7] 
where
,ñ being the number of molecules per mol and
The importance of this potential is related to the fact that it describes the Van der Walls force of attraction between molecules, which is proportional to r −7 (in the non-relativistic limit) and includes a finite repulsion at small finites distances, being integrable and fitting (low temperature) data quite well for a great number of real gases. For this potential, we can evaluate the inversion temperature T i , since
and imposing that dB(T ) dT = 0, (3.8)
which solution can be evaluated numerically. As the expected inversion temperature is of order 10 2 ∼ 10 3 K, we see that the series in eq.(3.7) is rapidly convergent. Taking j = 5 we find
with precision of 0.001. If we extend this calculation until j = 15, for example, it will change less than 0.001 (see Table 3 ). Using the data for ǫ 0 from [7] in the above equation, we can estimate the inversion temperature for mono-atomic and diatomic (and perhaps for simple poly-atomic gases) which results can be seen in Table 4 .
A related analysis can also be made for the inversion temperature T iJT of the throttling process. Starting from the expression for B(T ), eq. (3.5), corresponding to the LennardJones potential and imposing the conditions (2.10) we find (see Table 3 )
As these temperatures are well known, comparing eqs.(3.9) and (3.10) we can also find T i from them:
when we assume that the intermolecular potential is the Lennard-Jones one. The temperatures calculated using this relation are shown in Table 5 . These numerical results could also be inferred from tabulated values of B(T ) and its derivatives for the Lennard-Jones potential [7] (see also [9] ).
As our last method for computing T i , we will consider polynomial expressions for B(T ), combined or not with exponential terms, which parameters will be fixed by best fitting of experimental data from [4] . The first and simplest case is
and we will use Powell's method from Numerical Recipes [14] to minimize χ 2 , defined by
where B L (T n ), with L = 1, is the expression (3.12) calculated with N experimental temperature values T n , (n = 1, ..., N) and B exp (T n ) are the corresponding experimental values for the second virial coefficient. In Table 6 , we give the coefficients of (3.12) which minimize χ 2 for each gas and present the inversion temperature T i calculated from them.
In fact, except for the Helium, these values of T i correspond to extrapolations on the interpolated expressions of B 1 (T ).
In order to improve these results we also consider other functions for B(T ), which are Tables 7, 8 and 9, respectively. The data we have used for B(T ) for these gases are the ones which were compiled by Dymond and Smith [4] . In particular, for the Argon we used N = 36 experimental data from [5] , [15] , [16] and [17] . For the Helium we used N = 31 experimental data from [5] , [18] , [19] and [20] . For the Krypton we used N = 28 experimental data from [21] , [22] and [23] . For the Hydrogen we used N = 30 experimental data from [1] , [5] , [15] and [24] . For the Nitrogen we used N = 38 experimental data from [3] , [5] , [19] and [25] . For the Neon we used N = 19 experimental data from [5] and [26] . For the Oxygen we used N = 20 experimental data from [2] , [5] , [27] and [28] . Finally, for the Xenon we used N = 30 experimental data from [29] , [30] and [31] .
To get more confidence on these results, we have also shown them graphically in figures 2 to 9. In these figures we have plotted the best fitting for eqs. (3.12) and (3.14) -(3.16), for each gas separately. Note that for the most of gases only one curve can be seen since the fittings are very close to each other. In particular, in fig. 3 
Discussion and Conclusions
We have estimated the inversion temperature T i related to the Joule or free expansion by different methods. As can be seen from tables 2 and 4 to 9, each gas has a different inversion temperature T i , which depend also on the method employed. In some cases as for the Hydrogen the values found can differ by a factor of 2 and for the Nitrogen by 4.
Another gases as the Helium and Argon the discrepancy was about a factor of 5/3 and 3/2, respectively. Taking this into account and using a χ 2 -weighted average, we estimate a value for T i corresponding to each gas, basically from the numerical fitting expressed in Tables 6 -9 , which results can be seen in Table 10 . The choice for taking only the temperatures from Tables 6 -9 is based on the fact that the values from these tables are the ones in which minimum modeling assumptions were made, since we left the powers of the polynomials (3.12) and (3.14) -(3.16) to be fixed by best fitting to experimental data, contrary to what happens in the other methods that we discussed before. Looking at Tables 4 and 5 we can see, by other methods some values for them.
To give an idea of the global behavior of the expressions for B(T ) and to visualize some of the maxima corresponding to the inversion temperature T i discussed above, we have plotted in a single graph (see fig. 10 ) the shape of eq. (3.16) which we found for all the gases discussed in this paper until temperatures of the order of 4 × 10 3 K. As one can see from this graph some gases as the Helium, of course, and the Hydrogen exhibits clearly these maxima. For some others as the Neon, Argon and Nitrogen these maxima can be seen in a careful analysis, while for the Krypton, Xenon and Oxygen they can not be seen in this range of temperatures.
To conclude, we can say that the inversion temperature T i associated with the free expansion of a real gas can be determined for some simple gases and in general they
were not known because there are few experimental data for the range of temperatures in which they should appear. Despite that the physical interpretation of the inversion temperature T i is related to a free expansion which is a non-equilibrium process and so difficult to analyze directly, the values for B(T ) can be taken from usual P V T measures.
An important consequence of determining precisely this inversion temperature is that it will permit a greater confidence between the experimental and theoretical expressions for B(T ) and consequently on the force between molecules. Reed [25] . and (3.14) -(3.16) best fitting experimental data from: ⊔ ⊓ -Holborn and Otto [5] ; -Nicholson and Schneider [26] . △ -Nijhoff and W.H. Keesom [28] . and (3.14) -(3.16) best fitting experimental data from: ⊔ ⊓ -Beattie, Barriault and Brierley [29] ; -Michels, Wassenaar and Louwerse [30] ; △ -Walley, Lupien and Schneider [31] . Van der Waals Table 3 : Numerical results for the (reduced) inversion temperatures T * i and T * iJT corresponding to the Lennard-Jones potential. Table 4 : Data for the parameter ratio ǫ 0 /k of some real gases for the Lennard-Jones potential from [7] and the corresponding inversion temperatures calculated through eqs.(3.9) and (3.10). Table 9 : Coefficients of eq.(3.16) fitting experimental data compiled in [4] and the corresponding T i . The number between parenthesis represents the decimal power of each coefficient. See captions of figs. 2 -9 for details concerning experimental data used in the numerical treatment for each gas.
Gas
T i (K) Ar (3.8 ± 1.8)10 Table 10 : Inversion temperatures T i calculated from the numerical analysis presented in tables 6 to 9, using a χ 2 weighted average. The uncertainties were calculated taken into account T i data from all tables 2, 4 -9. The Krypton and Oxygen do not present inversion temperatures in this table since the experimental data available does not permit us to find them (see also fig. 10 ).
